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Although sheets of layered van der Waals solids offer great opportunities to custom-design nano-
material properties, their weak interlayer adhesion challenges structural stability against mechanical
deformation. Here, bending-induced delamination of multilayer sheets is investigated by molecu-
lar dynamics simulations, using graphene as an archetypal van der Waals solid. Simulations show
that delamination of a graphene sheet occurs when its radius of curvature decreases roughly below
Rc = 5.3 nm × (number of layers)3/2 and that, as a rule, one-third of the layers get delaminated.
These clear results are explained by a general and transparent model, a useful future reference for
guiding the design of nanostructured van der Waals solids.
PACS numbers: 61.46.-w,62.25.-g,68.65.Pq,68.55.-a
I. INTRODUCTION
The richness of layered van der Waals solids such as
graphene, hexagonal boron nitride, layered transition
metal dichalgonides, and others, arises largely from the
possibility to custom-design their properties.[1, 2] The
electronic and electromechanical properties of each layer
are unique[3–5] and they remain so upon layering because
of the weakness of chemical bonding.[2, 6] Therefore, a
control over the stacking order of different layers enables
the fabrication of sheets with custom-designed properties
useful in electronic components, nanoelectromechanical
devices, and flexible electronics.[1, 7]
In layered materials, however, flexibility with perti-
nent mechanical deformations may not be possible due
to structural instability. Can the weak binding hold the
sheet together upon deformation, or will it get delami-
nated? When is stability limited by critical tensile strain
instead of interlayer adhesion? Insights to the underly-
ing physics would help to guide the manipulation and the
design of mechanics and structure-function relationships
for these layered materials.
Because sheets of layered materials are thin, the pri-
mary deformation mode is bending. Bending-induced de-
lamination of thin sheets is familiar even from mundane
objects, such as cardboard boxes. At the nanoscale, a re-
cent work showed direct evidence of bending-induced de-
lamination in graphene and boron nitride nanoribbons.[8]
The work was supplemented by a model assuming
that the delamination is triggered by constant surface
strain. Somewhat related phenomenon is the rippling
of bent tubes, observed in bent multi-walled carbon
nanotubes.[9–11] Other types of nanosheet detachments
have been investigated in various contexts, especially
in the presence of flat or corrugated substrates.[12–15]
However, a comprehensive picture of the delamination of
sheets of van der Waals solids is still lacking.
In this article I present results of bending-induced de-
lamination of multilayer sheets from classical molecular
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FIG. 1. (Color online) Delamination of multilayer graphene
sheet upon bending. In seven-layer sheet two layers delam-
inate simultaneously when the radius of curvature decreases
below 64 nm, equivalent to 1.16 % surface strain (the numbers
shown). Sheet is periodic in y-direction.
dynamics simulations. The simulations were designed to
answer the simple but fundamental questions: How much
does an N -layer sheet tolerate bending before it delami-
nates? How many layers get delaminated? What is the
precise mechanism that triggers delamination, and can
it be modeled? In this article these questions, as it will
turn out, all receive explicit answers.
II. DELAMINATION IN MOLECULAR
DYNAMICS SIMULATIONS
To simulate the bending-induced delamination, multi-
layer graphene sheets of finite length and infinite width
were bent by introducing a constrained movement of the
atoms in the ends (Fig.1), while simulating the uncon-
strained atoms in the middle by a thermostat (see ap-
pendix). The degree of bending is quantified by the di-
mensionless parameter Θ = H/(2R), where R is the ra-
ar
X
iv
:1
30
9.
09
17
v1
  [
co
nd
-m
at.
mt
rl-
sc
i] 
 4 
Se
p 2
01
3
2dius of curvature of the neutral surface, H = h(N − 1) is
the sheet thickness, h is the interlayer distance, and N is
the number of layers. The parameter equals conveniently
the tensile strain at the outermost layer and the compres-
sive strain at the innermost layer, Θ = εin = −εout.[16]
The simulation constraints assumed harmonic bonds,
which was a fair approximation because Θ ∼ 1 %.[17]
Simulations proceeded by increasing Θ from zero at a
constant rate. Initially the sheets bent like a rigid plate,
outer layers stretching, inner layers compressing. Upon
further increasing Θ, the inner layers developed delocal-
ized undulations (view Fig.1 at an angle). At the crit-
ical value Θ = Θc these undulations began to localize,
inner layers slid with respect to the outer layers, result-
ing in delamination with an ever growing bump. After
delamination the simulation was stopped because post-
delamination events would have depended on the simu-
lation constraints. The simulations were performed for
thicknesses N = 2 − 14 at 2 K, 10 K, 20 K, 100 K, and
300 K temperatures, and repeated five times to obtain
thermal variations.
The first central result is the dependence of Θc on
sheet thickness (Fig.2). For low temperatures Θc de-
creases monotonically with increasing N . At higher tem-
peratures the dependence is non-monotonic because the
shapes of the thinnest sheets were prone to fluctuate and
create temporary excess curvature on top of the con-
strained one. When N increases, however, this effect
vanishes and the effect of temperature diminishes. The
values of Θc = H/2Rc convert into critical radii of cur-
vature Rc in the sub-µm range, large enough to be taken
seriously in device fabrication (inset of Fig.2).
The second central result is that, as a rule, one-third
of the layers delaminate (Fig.3). Apart from thermal
fluctuation higher temperatures, the rule is unexpectedly
robust. The one-third rule is particularly important be-
cause it is independent of material parameters, as will be
discussed below.
Even though the simulations were stopped after the de-
lamination, the question of what happens afterwards is
important from a practical aspect. If bending was simply
continued beyond Θc, delamination continued to propa-
gate towards the layers outside. However, these post-
delamination events depend on the sheet length and on
the choice of external constraints. Since these choices
lack proper motivation, I discuss here the initial delami-
nation event alone.
III. DELAMINATION CAPTURED BY AN
ANALYTICAL MODEL
To analyze the delamination mechanism and the de-
pendence on material parameters, let us next develop a
continuum elasticity model.
Consider an N -layer sheet bent to a radius of curvature
R. Prior to delamination, the strain in each layer is εi =
Θ[2i/(N − 1) − 1], where the indexing i = 0, . . . , N −
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FIG. 2. (Color online) Critical surface strains for delamina-
tion as a function of sheet thickness. Color codes, temper-
atures of 2 K (dark blue), 10 K, 20 K, 100 K, and 300 K
(dark red); error bars, deviations from five simulations for
each system; solid line, model prediction from Eq.(5). Inset:
Corresponding critical radii of curvature as a function of sheet
thickness.
2 4 6 8 10 12 14
N
0
2
4
6
8
10
12
14
N
d
compression
tension
FIG. 3. (Color online) Number of delaminated layers as a
function of sheet thickness. Color codes, temperatures of 2 K
(dark blue), 10 K, 20 K, 100 K, and 300 K (dark red); error
bars, deviations from five simulations for each system; solid
line, model prediction (Nd = N/3).
1 starts from the innermost layer. When delamination
begins, the innermost Nd layers displace inwards, making
a bump that I model by the profile y(x) = d cos2(xpi/w),
where d is bump height, w is bump width, and x (|x| <
w/2) is the distance from bump center along the arc. In
what follows, I analyze the delamination by inspecting
how different energies contribute to the creation of such
a bump.
The first energy contribution is from strain. The stress
3in each layer is kεi, where k is the in-plane modulus.
The stress is constant during the initial phases of the
delamination because the relatively long layers slide eas-
ily with respect to one another, and also because we
investigate the limit of emerging bump, that is, small
d.[18, 19] Thus, a length change ∆l under constant stress
makes up a change kεi∆l in strain energy. Using the
bump profile above, the length change for the Nd inner-
most layers is ∆lb = pi
2d2/4w, which yields an energy
change k∆lb
∑Nd−1
i=0 εi. The contribution is negative be-
cause εi < 0 inside. At the same time, bit more sub-
tly, the lengths of the N − Nd outermost layers com-
ply to the sliding of the inner layers by shortening the
corresponding amount and yielding an energy change
k(−∆lb)
∑N−1
i=Nd
εi. Adding the two terms, the strain en-
ergy upon bump formation changes by
Es = −kpi
2ΘNd(N −Nd)
2w(N − 1) d
2. (1)
The second energy contribution is from bending. The
bending energy density for all Nd layers is
1
2κ[y
′′(x)]2,
where κ is the bending modulus. Integrating over the
bump profile, we get the total bending energy
EB =
Ndκpi
2
w3
d2. (2)
Note that, apart from the expressions for εi, I ignore all
other effects from the overall R−2 curvature; this approx-
imation improves upon increasing R and N .
The third energy contribution is from interlayer adhe-
sion. Because it is reasonable to consider adhesion only
between neighboring layers[2], energy changes only be-
tween the layers i = Nd − 1 and i = Nd. Integrating the
Lennard-Jones pair-potential 4[(h/r)12 − (h/r)6] across
two infinite sheets separated by h′ yields the interaction
energy VLJ(h
′) = −2pih6A−2c h′−4[1 − 2/5(h/h′)6] with
a minimum at h′ = h, where Ac is the surface area per
atom. Assuming that this energy is local and integrating
across the widening interlayer spacing of h′ = h + y, we
get to the lowest order in d
Eadh =
9piw
A2c
d2. (3)
All three contributions (1), (2), and (3) are quadratic
in d, and the total cost to form the bump is
E = d2
[
−Θkpi
2Nd(N −Nd)
2w(N − 1) +
Ndκpi
4
w3
+
9piw
A2c
]
. (4)
This expression offers a transparent stability analysis.
When Θ is small and the coefficient of d2 positive, the
sheet is stable against delamination; the gain in strain
energy is too small compared to the cost in bending and
adhesion. When Θ increases the capacity to release strain
energy grows until at Θc the coefficient of d
2 equals zero,
making it possible to create the bump without cost, trig-
gering the delamination. At Θ = Θc, the number of de-
laminated layers can be calculated by energy minimiza-
tion from ∂E/∂Nd = 0, and the width of the bump from
∂E/∂w = 0. This gives us three equations out of which
the unknowns (Θc, Nd, and w) can be solved.
The solution for Θc at the limit of large N is simply
Θc ≈ 35
√
κ
Ack
1√
N
, (5)
which becomes Θc = 0.032 × N−1/2 with graphene pa-
rameters, agreeing well with the low-temperature molec-
ular dynamics simulations (Fig.2).[20] Although residing
close to 1.5 % for few-layer graphene, Θc is not quite con-
stant, as assumed earlier.[8] This expression infers a crit-
ical radius for stability Rc ≈ Nh/2Θc = 5.3 × N3/2 nm
(inset of Fig.2). Delamination becomes easier when in-
plane modulus increases or when adhesion and bending
moduli decrease, which are plausible dependencies on
material parameters.
The solution for Nd is Nd = N/3, exactly. This one-
third rule is particularly elegant because it is completely
independent of material parameters. The rule agrees with
the simulations, where the number of delaminated layers
is always an integer close to N/3, even though especially
at higher temperatures sheets occasionally delaminated
to different number of layers (Fig.3). To a certain degree,
the one-third rule can be understood by qualitative argu-
mentation. Since the cost in adhesion is independent of
Nd, it is governed by the competition between stretching
and bending alone. Having Nd = N/2 would give the
largest release in strain energy, but the strain in the lay-
ers near the neutral surface is so small that it becomes
beneficial to retain their strain and to avoid the com-
parably large cost in bending energy. Hence, the best
solution is Nd between N/2 and 1, and the value N/3
emerges from the functional form of bending and strain
energies, independent of material parameters.
The model is expected to be universally valid, since
the adhesion parameter in all van der Waals solids has
the same nature and physical origin.[2] The model is also
unexpectedly successful especially in view of its simplic-
ity. First, the model has no fitting parameters. Second,
it takes into account the 1/R curvature only in the layer
strains. Third, it ignores the undulations that were seen
to precede the delamination. As expected, the agreement
improves upon larger N because some of the approxima-
tions get milder. In practice, the limit of (very) large N is
non-trivial, because the delamination itself possibly be-
comes less an instantaneous event, and more a dynamic
process. Furthermore, the model ignores the clearly im-
portant entropic effects at higher temperatures. I remark
that the solution for w, with the explicit expression
w = 1.13(κA2cN/ε)
1/4, (6)
is a by-product not to be compared with the simulations;
it is defined only at the onset of delamination, and its
comparison with the size of the post-delaminated bump
would be vague.
It is straightforward to generalize the model to het-
erogeneous multilayers. By considering layer-dependent
4bending and in-plane moduli, the strain energy becomes
Es = ∆lb
(
Nd−1∑
i=0
kiεi −
N−1∑
i=Nd
kiεi
)
, (7)
and the bending energy
EB =
pi2d2
w3
Nd∑
i=0
κi. (8)
The adhesion energy remains equal to (3) with the pa-
rameter  replaced by the adhesion between layers i =
Nd − 1 and i = Nd, even though it seems that the adhe-
sion for layered materials has almost a universal value of
∼ 20 meV/A˚2.[2] Heterogeneous multilayers could intro-
duce several solutions because the varying material pa-
rameters could make the total energy a non-monotonous
function of Nd.
IV. DISCUSSION AND CONCLUSION
The implications of delamination are multifaceted. It
has profound effect on the nanoelectromechanical proper-
ties of multilayer sheets, either through the delamination
itself or through a more radical structural transformation
triggered by the delamination. The delaminated struc-
ture itself would abruptly change the bending modulus of
the sheet. Further, with its disturbed interlayer coupling,
the bump would cause electronic scattering and other-
wise modify sheet’s electronic properties. The properties
of multilayer graphene, namely, depend very strongly on
the number of layers.[21] Regarding structural stability
in general, Eq.(5) gives a useful criterion: when Θc ap-
proaches the maximum tensile strain of the layered ma-
terial, bending would cause fracture instead of delami-
nation. Pristine graphene withstands tensile strain more
than ∼ 15 % ( 2 %), so delamination occurs before
fracture.[22]
Delamination could also be a trigger for more radical
structural transformation. It could launch the formation
of standing collapsed wrinkles, protrusions emerging from
the sheet created due to easy sliding.[23] It could even
trigger exfoliation, possibly involving the intercalation of
particles inside the cavity below the bump, a particularly
plausible mechanism for narrow sheets and ribbons. This
way the delamination would become irreversible. In fact,
it is conceivable that such mechanism would be partly re-
sponsible for the exfoliation of dissolved graphene flakes
under intense sonication. Sonication would excite bend-
ing of the flakes, thereby causing delamination and easier
intercalation of the particles from solution between the
layered structure.[24, 25]
To conclude, simulations and modeling suggest that
delamination is a robust and predictable phenomenon.
Especially the one-third rule for the number of delami-
nated layers could be a valuable tool for the manipulation
and design of multilayer sheets. Thus, the comprehensive
understanding of the mechanism and the powerfully sim-
ple results for the critical curvatures is likely to become a
useful future reference for designing nanoelectromechan-
ical devices of van der Waals solids.
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Appendix A: Methods
Simulations used the LAMMPS package with AIREBO
potential for atomic interactions[26, 27]; potential in-
cludes the Lennard-Jones 6 − 12 potential for the inter-
layer adhesion (cutoff= 3σ). The potential yields bend-
ing modulus of κ = 0.95 eV, in-plane modulus of k =
21 eV/A˚2, and interlayer separation of h = 3.38 A˚ with
17 meV/A˚2 adhesion energy ( = 2.7 meV). To model the
structures, N graphene layers of length Lx = 100×N A˚
were stacked in xy-plane with Bernal stacking (Fig.1).
The edges had zigzag profile and the length in y direction
was Ly = 2.5 A˚ with periodic boundary conditions (akin
to a zigzag graphene nanoribbon in y-direction of width
Lx; such a short periodic length was sufficient to account
for the quasi-static motion in y-direction, as confirmed
by simulations using much larger periodic lengths). Af-
ter equilibrating Lx at the respective remperature, atoms
within 2.5 A˚ from the left edge were fixed, and bend-
ing was introduced by moving and turning the atoms
within 2.5 A˚ from the right edge so as to create a perfect
circular arc for the unconstrained atoms (treated with
a Langevin thermostat at given temperature with 1 ps
relaxation time). Bending was increased at a constant
rate dΘ/dt = 2.5 × 10−8/N fs−1, propagated using a
2 fs time step. Bending was slow enough to be quasi-
static, and delaminations were reversible. The simulation
was stopped upon delamination because the subsequent
events would have depended on Lx and the imposed con-
straints. There would have been more elegant options to
apply pure bending[28, 29], but here the bending is pure
enough for all practical purposes.
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